We propose elastic isotropic wavefield tomography formulated with the misfit of observed and recorded data as the objective function. Using the elastic isotropic wave-equation formulated for slowly varying media, we invert for the squared velocities of compressional (P) and shear (S) waves. Poor illumination of P-and S-waves often prevents reliable update of the model parameters, while preserving their intrinsic physical relationships. Thus, we introduce a model constraint term in the objective function, which sets the ratio of P-and S-wave velocities to a chosen range, assumed to be generally linear as suggested by laboratory measurements or well logs. Examples demonstrate that this constraint yields models that are more physically plausible than models obtained using only the data misfit as the objective function.
INTRODUCTION
Seismic tomography is a commonly used tool for building models of subsurface parameters from recorded seismic data. Wavefield tomography is well-developed under the acoustic assumption (Tarantola, 1984; Pratt, 1999; Operto et al., 2004; Biondi and Almomin, 2014) ; however, recorded seismic data include shear waves in addition to the compressional waves. Because all wave modes contain useful information about the subsurface, elastic wavefield tomography better characterizes the subsurface (Tarantola, 1986; Pratt, 1990; Guasch et al., 2012; Vigh et al., 2012) . There are many possible parameterizations for elastic models, which lead to different inversion schemes. For example, Tarantola (1986) shows wavefield tomography for compressional impedance, shear impedance, and density, while Mora (1988) and Guasch et al. (2012) compute P-and S-velocity models using wavefield tomography.
Though inversion for multi-parameters adds more physical information to the updated model compared to single-parameter inversion, different parameters in the updated model may not be physically realistic (Plessix, 2006) , i.e. inversion may not be able to resolve the model parameters while preserving their intrinsic relationships. Therefore, such physical relationships need to be enforced explicitly because their action on the inverted model differs from the alternative constraints provided by data or by shaping regularization. Physical relationships between model parameters in elastic media can be derived from well logs, seismic data, and laboratory measurements, but they can also be derived based on first-principle physical relationships (Tsuneyama, 2006; Compton and Hale, 2013) . Experiments show that the relationship between P and S velocities is generally linear (Castagna et al., 1985; Katahara, 1999; Tsuneyama, 2006) ; therefore, enforcing a range of constant ratios between the two velocities could guide the model update, thus increasing the robustness of wavefield tomography.
In this paper, we perform wavefield tomography using the isotropic elastic wave-equation, and our mathematical derivation shows that the simplest approach is to invert for the squared velocities of P-and S-waves. We propose an objective function for wavefield tomography with a logarithmic term in order to constrain the relationship of P-and S-wave velocities. The constraint term only dominants the gradient when inverted model parameters approach the boundaries of the constraints. We formulate the tomographic problem using the adjoint-state method, which enables us to efficiently derive the gradient. Examples demonstrate that the model constraint helps enforce appropriate physical relationships between the model parameters and speeds up convergence.
THEORY
We consider the elastic isotropic wave-equation, in which model parameters α (x) and β (x) representing the squared P and S velocities are slowly varying (Lay and Wallace, 1995) :
where u (e, x, t) = [ux uy uz] T is the displacement vector, and d (e, x, t) is the source function. Both u and d are functions of experiment e, spatial location x, and time t. Equation 1 describes a linear relationship between displacement vector u and the source function d:
where L is the elastic wave operator corresponding to equation 1, with model parameters α and β, and with adjoint L T . The source wavefield us is a solution to the given wave-equation.
Objective function
For wavefield tomography, one typically updates a model by minimizing an objective function. In our formulation, the objective function J (us, α, β) consists of three terms: a data term JD (us, α, β) that quantifies the data misfit, a regularization term JM (α, β) that allows for the use of prior modelsᾱ (x) andβ (x) as well as model shaping, and a constraint term JC (α, β) that restricts the relationship of α and β within a feasible region:
(3) We define the data misfit term using the difference between the predicted and observed data:
where do (e, x, t) are the observed data recorded by receivers, and the weighting operator Wu (e, x, t) restricts the source wavefield us (e, x, t) to the receiver locations.
The regularization term JM in the objective function uses the modelsᾱ (x) andβ (x) as reference:
where Wα (x) and W β (x) are model shaping operators, whose inverses are related to the model covariance matrices. Such operators can describe either simple and space-invariant smoothing, e.g. a Laplacian filter, or they can describe image-shaping with non-stationary filtering (Hale, 2007; Guitton et al., 2010) .
Due to differences in illumination and amplitude between Pand S-waves, models α and β computed using physical wavefield tomography update independently, and this may lead to nonphysical solutions. One can constrain model updating using physical relationships between α and β within a region, for example using upper hu (α, β) = 0 and lower boundaries h l (α, β) = 0:
In order to keep the updated model within the boundaries, we include in the objective function a constraint term JC that uses a logarithmic penalty function (Peng et al., 2002; Nocedal and Wright, 2006; Gasso et al., 2009) :
The term JC relies on the fact that JC tends to −∞ as hu or h l tends to 0, i.e., term JC penalizes violations of inequalities 6 and 7. The parameter η weighs the constraint term JC against other terms in the objective function J . The starting model is required to be between the boundaries, and this constraint term mainly contributes to the inversion when the updated model approaches the boundaries.
For elastic wavefield inversion, because the relationship of P and S velocities is generally linear (Castagna et al., 1985; Zimmer et al., 2002; Rojas et al., 2005) , we set the boundaries as
where the user-defined parameters c l , cu, b l , and bu characterize the specific boundaries.
Objective function gradient For model optimization, we use a gradient descent method (Lailly, 1983; Tarantola, 1984) and minimize the objective function J to iteratively update the model. Using the adjoint-state method (Plessix, 2006) , we derive the gradients of the three terms in the objective function. The gradient of JD is
where the symbol denotes zero-lag crosscorrelation. Vector as (e, x, t) is the adjoint variable and is computed by solving the adjoint equation
The adjoint sources gs (e, x, t) depend on the objective function J :
The gradient of terms JM and JC , with respect to the model parameters α and β, are
and
respectively. The gradient of term JM is linear with respect to model parameters, as shown in equation 14, while the gradient of term JC is strongly nonlinear with respect to model parameters (equation 15). When the models updated during iterations approach the boundaries defined by JC , the gradient of JC dominates the total gradient J , thus pushing the updated model away from the boundaries; otherwise, term JC has less influence on the total gradient J , and the data term controls the inversion. • , with 46 receivers for each shot. The source and receivers are on opposite sides of the anomaly in order to record waves transmitted through the anomaly.
We illustrate the elastic wavefield tomography method with the synthetic model shown in Figure 1 . For the model constraint term JC , we take c l = cu to be the ratio of the true P and S velocities, and b l = −bu = 0.02 km 2 /s 2 . We compare the inversion results with objective functions JD and JD +JC . The updated models after 10 iterations are shown in Figures 2a and  2b . The bottom panels show a subset from the update model at depth z = 2.55 km, indicated by the solid lines on the top panels; the dashed lines show the corresponding traces from the true model. Compared to inversion using term JD, the updated models using JD + JC are closer to the true model.
To visualize the effect of term JC on model updating, we plot the model parameters at coordinates (2.55, 2.55) km for each iteration (Figure 3) . We observe that, in both inversions, the model updates toward the true model. The constraint term JC affects inversion primarily in the first iteration by forcing the updated model toward the line indicating the true relationship between α and β. In the last several iterations, the model updates are small, indicating that we approach convergence. After 25 iterations, the updated models of α and β, using the constraint term JC , are closer to the true model, compared to the updated model using only JD.
EXAMPLE
We also illustrate our elastic wavefield tomography with a more complex synthetic model, and compare inversion with only the data misfit term JD to inversion using the data misfit with physical constraints JD + JC . The synthetic model contains two negative Gaussian anomalies centered at (1.5, 2.0) and (1.5, 5.0) km, Figure 4 . There are 60 shots in a well at x = 0.2 km and a line of receivers at x = 2.8 km. The horizontal component of a shot gather contains both P-and S-waves, left panel in Figure 5 . To illustrate the influence of the physical constraint term JC on model updating when the P-and S-waves have different illuminations, we mute the S-waves in both observed and predicted data for the receivers from z = 0 to 3.5 km, and the P-waves in both observed and predicted data for the receivers from z = 3.5 to 7 km, right panel in Figure 5 ; i.e., in elastic wavefield tomography, we use primarily the Pwaves going through the upper Gaussian anomaly and the Swaves going through the lower anomaly. This is, of course, an artificial construction meant to simulate partial illumination and to highlight the influence of the model constraint. Using the data misfit term JD as the objective function, we obtain the updated models for α and β after 21 iterations, left panels in Figures 6a and 6b , respectively. Notice that the model update of α focuses on the upper Gaussian anomaly, while that of β focuses on the lower Gaussian anomaly. We include the physical constraint term JC in the objective function and obtain the updated α and β models, right panels in Figures 6a and 6b , respectively. We choose the weighting parameter η to be 0.6 in order to balance the gradients of JD Figure 4 . The dots represent the model at (1.5, 2) km. The red and blue dots are the updated models with and without constraints, respectively. Using the constraints forces the α and β models closer to the true model. and JC . With physical constraints, both Gaussian anomalies are better recovered in α and β than the corresponding updates obtained without constraints. Figure 7 shows the values of the updated models at (1.5, 2) km as a function of iteration. The blue and red dots depict the models without and with physical constraints, respectively. Using only JD as the objective function, we obtain α and β model updates that are nonphysical, i.e. the models do not converge toward the center line corresponding to the true α − β relationship. In contrast, the physical constraint term JC enforces the appropriate physical relationship between α and β.
CONCLUSIONS
We demonstrate an elastic wavefield tomography method using the isotropic elastic wave-equation formulated to reduce the misfit between observed and predicted data, as well as to obtain models that are physically plausible. We invert for a model of multiple elastic material parameters, specifically the squared velocities of P-and S-waves. Due to differences in illumination and amplitude between P-and S-waves, the model updates for the two parameters may differ in amplitude and location, thus leading to nonphysical models. To obtain a physically realistic model, we introduce a constraint term that enforces model updates within a feasible range. We use a logarithmic function as the constraint term; this term only impacts model updating when the inverted model parameters are close to the boundaries of the constraints.
ACKNOWLEDGMENTS
We thank sponsor companies of the Consortium Project on Seismic Inverse Methods for Complex Structures, whose support made this research possible. The reproducible numeric examples in this paper use the Madagascar open-source software package (Fomel et al., 2013) freely available from http://www.ahay.org.
